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Abstract. This paper addresses a multicriteria problem of Boolean linear programming
with parametric optimality. Parameterizations is introduced by dividing a set of objectives
into a family of disjoint subsets, within each Pareto optimality is used to establish
dominance between alternatives. The introduction of this principle allows us to connect
such classical optimality sets as Pareto and extreme. The parameter space of admissible
perturbations in such problem is formed by a set of additive matrices, with arbitrary
Holder’s norms specified in the solution and criterion spaces. The lower and upper
bounds for the radius of strong stability are obtained with some important properties of
attainability as corollaries.
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1. Introduction

Discrete optimization is currently one of the most dynamically developing
areas of mathematics. The tasks of discrete mathematics are numerous and
diverse. They arise in various fields of mathematics, as well as in economics,
technology, and computer science. This circumstance led to a rapid increase in
the number of works devoted to the theory and methods of discrete optimization
(see, for example, the monograph [27], the review [5] as well as the bibliography
therein). The widespread use of discrete optimization models has attracted the
attention of many experts to the study of various aspects of stability, as well as
the problems of parametric and postoptimal analysis of both scalar (single-
criterion) and vector (multicriteria) discrete optimization problems. Despite the
abundance of approaches to stability analysis in discrete optimization problems,
two main directions can be distinguished: qualitative and quantitative.

In the framework of the qualitative direction, the authors focus on
identifying various types of stability of the problem [4,6,15,17,22,23],
establishing a relationship between different types of stability [18, 20], as well as
on searching and describing the stability region of the optimal solution [28].
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The quantitative direction, described in sufficient detail in [14] (see also,
[5] and [19]), is associated with obtaining estimates of permissible changes in the
initial data of the problem, preserving a certain predetermined property of optimal
solutions [2,3,7-13,], and the development of algorithms for calculating these
estimates [16,25,26]. The key concept here is the radius of stability, which is
understood as the radius of the limit “ball of stability”, i.e. such a neighborhood
of the source data in the metric space of the problem parameters that any
“perturbed” problem with parameters from this neighborhood has some
invariance property with respect to the original problem.

The paper is organized as follows. In section 2, we formulate parametric
optimality and introduce basic concepts along with the notation. Section 3
contains some auxiliary statements about norms and two lemmas used later for
the proof of the main result. In section 4, we formulate and prove the main result
regarding the lower and upper bounds for the strong stability radius. Section 5
lists most important corollaries.

2. Main definitions and problem formulation

Consider a multicriteria Boolean linear programming problem (ILP) in the
following formulation. Let C = [c;;] € R™™ be a matrix whose rows are
denoted by C; = (¢i1,Ciz)---,Cin) ER™M T E N, ={1,2,...,m}, m>1. Let x =
(x1,%2,...,x)T € X cE", n > 2,E = {0,1}, and the number of elements of the
set X is finite and greater than one. On the set of (admissible) solutions X, we
define a vector linear criterion

Cx = (Cyx,Cyx, ..., Cpp)T - min.
X€E

In the space R¥ of arbitrary dimension k € N we introduce a binary
relation that generates the Pareto optimality principle [24].
y>y e yzy &y+y,
where y = (y1,¥2,--, )T ERS Y = (V'1,¥'5.., ¥'K)" E€RE
The symbol >, as usual, denotes the negation of the relation >.
Let @ #1 S N,,, |I| = v, and let C; denote the submatrix of the matrix C €
R™*™ consisting of rows of this matrix with the numbers of the subset I, i.e.
Cr=(Ci,,Cipoer, G DT, T ={ig,lgenn,ip)
1<i;<ip<...<ip<m, C; € RV,
Let s € N, and let N,, =kéJN I, be a partition of the set N,,, into s nonempty

sets, i.e. I, # @, k € Ns, and i # j = I; N [; = @. For this partition, we introduce
asetof (I, I,,..., I)-efficient solutions according to the formula:

G™(C, 1,0y, I) ={x€X: Ik eN; VX' € X (C,x > Cp x)}
Sometimes for brevity we denote this set by G (C).
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Obviously, any N,,-efficient solution x € G™(C,N,,) (s = 1) is Pareto
optimal, i.e. efficient solution to problem (1). Therefore, the set G™(C, N,,,) is the
Pareto set [21,24]:

PM(C)={x€eX: VxX'eX (Cx > Cx")}.
We also use the following set:
X(x,O)={x"eX: Cx>Cx'},
which is a set of solutions x" € X such that x’ dominates x in Pareto sense in
problem (1). Therefore,
PM(C)={x€X: X(x,C) =0}
In the other extreme case, when s =m, G™(C,{1},{2},...,{m}) is a set of
extreme solutions (see e.g. [21]). This set is denoted by E™(C). Thereby, we
have:
E™(C)={x€X: IkEN,, VX' €X (Cxx > Cxx")} =
{xeX: dkeN,, VX' € X (C,x < Cix")}.

It is easy to see that the set of extreme solutions is composed of the best
solutions for each of the m criteria.So, in this context, the parametrization of the
optimality principle refers to the introduction of such a characteristic of the
binary preference relation that allows us to connect the well-known choice
functions, parameterizing them from the Pareto to the extreme.

Denoted by Z™(C, 14,15, ..., I), the multicriteria ILP problem consists in
finding the set G™(C, I, I, ..., I). Sometimes, for the sake of brevity, we use the
notation Z™(C) for this problem.

It is easy to see that the set P1(C) = E*(C) is the set of optimal solutions
to the scalar (single-criterion) problem Z1(C, N;), where C € R™.

For any nonempty subset I © N,,, we introduce the notation
P(CH={x€eX: VX' eX (Cx > C;x")},
X(x,c)={x"eX: Cx > Cx)},

i.e.
P(CH={xeX: X(xC) =0}
Then, by virtue of (2), we obtain
G™(C, 1,1y, .., I5) ={x e X+ Tk € Ns (x € P(C;))}.
Therefore, we have

GM(C Il 1) = U P(CL),  Np= U .
N S

It is obvious that all the sets given here are nonempty for any matrix C € R™*",
In the space of solutions R™, we define an arbitrary Holder’s norm L, p €
[1,00], i.e. by the norm of a vector a = (ay,ay,...,a,)T € R® we mean the

number
1/p

Z ;|7 if1<p<oo,
J€Ny,
max{|a;| : j € Np} if p= oo,

lall,=
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In the space of criteria R™, we define an arbitrary Holder’s norm [g, q € [1, o],
and [, # l,. By the norm of the matrix C € R™*™ with the rows C;, i € N,, we
mean the norm of a vector whose components are the norms of the rows of the
matrix. By that, we have

I C llpg=ll (Il C1 llp, Il C3 I, ey I G 1) g
Obviously,

I C; Ip<Il C; llpg=<Il Cllpq,i €I S Np,.
So, it is easy to see that for any a = (ay, ay, ..., a,)T € R™ with
|aj| =aq, ] € an
the following equality holds
I all,=an/?

forany p € [1, x].

In the solution space R™ along with the norm 1, p € [1, o], we will use
the conjugate norm [+, where the numbers p and p* are connected, as usual, by
the equality

1 1

-+ — = 1,

p p
assuming p* = 1 if p = oo, and p* = oo if p = 1. Therefore, we further suppose
that the range of variation of the numbers p and p* is the closed interval [1, oo],
and the numbers themselves are connected by the above conditions.

Further we use the well-know Hoélder’s inequality

la"b| <ll a ll,ll b Il
that is true for any two vectors a = (ay,ay,..,a,)T €ER"® and b=
(by, by, ..., b,)T € R™.

Perturbation of the elements of the matrix C is imposed by adding matrices

C' from R™ ™ to it. Thus, the perturbed problem Z™(C + C’) has the form
(C+CHx - I;g}r(l

and the set of its (14, I, ..., I;)-efficient solutions is G™(C + C', I, I, ..., I;).

For an arbitrary number £ > 0, we define the set of perturbing matrices
Qpq(e) = {C" ER™M : || €7 llpq< &}

with rows C;,i € N,,.

Following [3,6,9], the strong stability radius of the ILP problem
Zm(C, 1,1, ..., 1), m € N, (called T;-stability radius in the terminology of [9,
10]) is the number

p=p®q) = {Zup“ i? = i g:
where
E={e>0: VC' €Q,u(e) (G™C)NG™(C+C)+ D)}

Thus, the strong stability radius of the problem Z™(C) determines the limit
level of perturbations of the elements of the matrix C that preserve optimality of
at least one (not necessarily the same) solution of the set ¢G™(C) of the original
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problem. For any C' € Q,4(¢) and &> 0, it is obvious that G™(C) N G™(C +
CY=#0@ifG™(C,I,1, ..., I;) = X. Therefore, the problem Z™(C) with G™(C) =

X is called non-trivial.

3. Lemmas

Before formulating the main result regarding the strong stability radius
bounds in the next section, we need to prove two supplementary statements

presented in this section as lemma 1 and lemma 2.

Hereinafter, a* is a projection of a vector a = (ay,a,, ...,a,) € R¥ on a
positive orthant, i.e. a* = [a]* = (af,a?, ..., af), where upperscript + implies

positive cut of vector a. That is, we have

ai = [a;]* = max{0, a;}.

Lemma 1. Givenx® € G™(C), k € Ny and ¢ > 0 such that for any x¢ ¢™(C)

the inequality
[lenGe =0Tz 00z =210
q
holds. Then the following formula is true:

VX & G™(C) YC' € Dpo(@) ((Cy + C1)x° = (G + Cf)x).
Proof. Assume there exist a solution ¥ ¢ G™(C) and a perturbing matrix C €

Qpq (@) such that
(€, + G )x° > (€, + G ).
Then for any index i € I;the following inequality is true:
(Ci + (:'i)xo > (Cl + él)f
Hence, we have
(:'i(xo —55) = Ci(xo —f), [ € Ik .
From the above we derive
|Ci(x — x| = [C;(% — xO)]*, i €.
Taking into consideration Holder’s inequality (6), we obtain
I Ci lpll % = x° lly+= [C;(X —xO)]*, i €.
Due to inequalities (4), we get a contradiction with (7):
@I E=x0 >N C llpgll & — x° lly- =N Gy, lpgll & — x° 1l

= [ eEFDIM

q
so formula (8) is valid.
Lemma 2. Given the formula following formula
3x% ¢ G™(C) 3a e R* Vx € G™(C) (aT(x° —x) < 0)
is true, there exists a non-zero matrix C* € R™*™ such that
G™M(C)NG™(CY) = 0.
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Proof. Obviously a # 0 = (0,0, ...,0)T € R™. Let rows C;,i € N,, of the matrix
C* € R™™ be defined as:

C; =a’,i € Ny,.
Then we get

Ci(x°—x)<0,i €Ny
Thus for any index k € Ny, the solution x & P(C;)if x € G™(C).
Therefore, we have

x &€ G™(C™). The last implies

GME)NG™(C) =9

4. Bounds

For the multicriteria non-trivial ILP problem Z™(C, 13,15, ..., I5), m €N,
forany p,q € [1, ] and s € N,,, we define:

I [Cr, e = XD g
05" (P.q) = x ecm(c) {crgvs xergflnréc) hx—x" Il
m(p,q) = nPmi Glx—x)
Y5, @) = mPma I DA o R X e
We are now ready to formulate the main result.
Theorem 1. For any m€ N, p,q € [1,0] and s € N,,, the strong stability
radius of the multicriteria non-trivial ILP problem Z™(C, 13,15, ...,I5) has the
following lower and upper bounds:
0 < ¢s"(p, @) < ps"(p,q) < min {5 (p, @), lICllpq}-
Proof. Due to (3), the formula is true:
VX €G™(C) 3kE N, (x' € P(C,k)).
Therefore, for any index k € Ny , we get x & P(C;, ) ifx € G™(C). From there
we conclude that the lower bound is positive, i.e. ¢*(p,q) > 0.

Now we prove that pI*(p, q) = I (p, q). We chose an arbitrary perturbing
matrix C' € R™" such that it belongs to Q,,, (¢ (p,q)). In order to prove the
lower bound for strong stability radius, it suffices to demonstrate that there exists a
solutionx* € G™(C) N G™(C + C"). According to the definition of the
number @ (p, q), there exist a solution x° € G™(C) and an index k € N, such
that for any solution x ¢ G™(C) we have:

I[Cr, Cc = x2)]" lg= 95" (p, @) I x — x° ll,»> 0.

From the above by lemma 1, we get the following formula is true:
¥x € G™(C) VC' € Qo0 0) (1 + €)X = (G + Ci)x). (9)
Further, we define a way of selecting a necessary solution x* € G™(C) n
G™(C +C"), where C' € Oy, (M (p,q)). If x° € G™(C+C’), then we select
x* = x°. Otherwise, due to (3) we have x° ¢ P(Cy, + Cj,). Thus due to the
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property of outer stability for the Pareto set P(C;, + Cj,) (see e.g. [26]), we can
chose a solution x* € P(C;, + Cj,) such that

(G, + €I x> (G + 1) x°).
Taking into account (9), it is easy to derivex* € G™(C). Since x* €
G™(C + C"), we have just proven that pI*(p, q) = ™ (p, q).

Now we prove that pi*(p, q) < ¥i*(p,q). First, notice that according to the
definition of the number ¥ (p, q), there exists a solution x° = (x?,x9,...,x2) ¢
G™(C) such that for any solution x € G™(C) and any index k € N; the following
inequality holds:

1 1
Y, @) 1| x° — x ;= nPmaCy(x® — x), i € I. (10)
Let £ > yY™(p,q). We chose a perturbing matrix C° = [c{’j] € R™™ with
rows C?, i € N,,, and elements defined as follows:
O =6if i ENmandxj =1,
Y[ 8if i€Nyandx) =0,
where

1 1
YI'(p, q) < dnpma < e. (11)
Therefore, due to (5) we have
1
||Clo||p = 6‘”17’ l € Nmy
1 1
“Collpq = énpma,
C% € Q,q(e).
Moreover, the following inequalities are obvious for every index k € N;:
Ci(x°—x)=—6 11 x°—x11,<0,i € L.
Using (10) and (11), we conclude that for any solution x € G™(C) and any
index k € N, the following inequality holds:

(C;+CO)(x° —x) < <w - 5> I x0 —x ;< 0,i € I
nPmda

Thus for any index k € N; we have x ¢ P(C,k + C,‘L) and hence, x ¢
G™(C + €°). Summarizing, for any & > ™ (p,q) there exists the perturbing
matrix C° € Q,,(¢) such that G™(C)NG™(C+C%) =@, ie. pi*(p,q) <e.
Thus, we have just proven that p*(p, q) < Y™ (p, q).

Finally, we are left to demonstrate that pg"(p, q) < ||Cllq. Let € > ||C[,q.
a>0 and x° = (x¥x2,..,x0) & G™(C). We chose a row vector a=
(a4, ay, ..., a,) with elements defined as follows:

—a if x]p =1,
Y= { aif x? =0
i .
Then due to (5) we have
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1
lall, = an®.
Moreover, the following inequality is true for any solution x € G™(C)
a(x’ —x)=—a ll x°—-x ;< 0.
Therefore due to lemma 2, there exists a non-zero matrix C* € R™*™ such that

G"(C)NG™(C) =0. (12)
Further, we consider a perturbing matrix C° € R™*" defined as:
Co=nC*-C,
where 0 < n<—£_"C””q
IC*llpq

Then we easily derive

IC°llpq = InC* = Cllpg < MIIC”|lpq + lICllpg < &.
Therefore due to (12) we obtain

Ve > ICllpq 3C° € Qpy(e) (G™(C)NG™(C +CO) =0).
Thus, pg*(p, q) < e forany € > ||C||,,4. Hence, pd*(p, @) < |[Cllpq-

5. Corollaries

From theorem 1 we get the following results.
Corollary 1. Let p = g = . For any m € N, and s € N,,, the strong stability
radius of the multicriteria non-trivial ILP problem Z™(C, I, I, ..., I5) has the
following lower and upper bounds:

Ci(x —x")
0 < max max max— < p*(o0, )
x'€eGM(C) KENg xecm(c) €l |l x—x"1I;
Ci(x—x"
< min max max max

x€G™M(C)x'eG™(C) keNs i€l |l x —x' |l
Corollary 2 [9]. If s=1, then for any m € N, and for any p, q € [1, =], the strong
stability radius of the multicriteria non-trivial ILP problem Z™(C, N,,,) of finding
the Pareto set P™(C) has the following lower and upper bounds:

ICE=xN1*llg _
— < <
x’gzq)?")%c) xgPpm(C)  llx—x"llp pU(pa) <
L Ci(x—xr)

1
nPmd  min _ max
xgP™M(C)x'ePm(C) i€l lx—x/lly’
Corollary 3 [1]. If s=m, then for any m € N, and for any p, q € [1, ], the strong
stability —radius of the  multicriteria  non-trivial ILP  problem
Z™M(C,{1},{2},..,{m}) of finding the extreme set E™(C) has the following lower
and upper bounds:

0<

Ci(x—xr

0< max max min —_ ,q) <
x'€EM(C) iENy, x@EM(C) lx—x1ll, pm (@, @)
1 1
Ci(x=x1)

nPmi4 min max max .
X@E™(C) iENpx"€E™M(C) Nx—xrlly

From corollary 2 we have the following result illustrating the fact that the
bounds ¢7*(p, q) and YT*(p, q) are attainable for p = g = .
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Corollary 4. If P™(C) = {x°}, then the strong stability radius of the multicriteria
non-trivial ILP problem Z™(C, N,,,) of finding the Pareto set P™(C) is expressed
by the formula:
PI(00,00) = (0, ) = P (0,0) = min, max XD
’ ’ ’ x€X\{x'} i€ENp, Ix—x°ll;
Now we formulate and prove one (a bit more general) result concerning
attainability of the upper bound.
Corollary 5. For any m e N and any p,q € [1, o], there exists a class of
multicriteria non-trivial ILP problem Z™(C, N,,,) of finding the Pareto set P™(C)
such that the strong stability radius is expressed by formula:
P (@ @) = ICllpq - (13)
Proof. Let X = {x° x%,x2,...,x"}, where x° = (0,0,..,00T €E", x/ =¢l,j €
N,,. Here el is a basic column-vector in R™. Let C* = [c/;] € R™™ be a matrix
with negative elements such that P™(C*) = X\{x°}. In order to make the
solution x° a a unique Pareto optimal in the perturbed problem Z™(C* + C’, N,,),
C" = [c{;] € R™™, we have to demand for any solution x # x° the following

inequalities to be held:

(C*+CHx° > (C* + Cx.
Therefore, C'x > —C*x. So, we get cj; =c[j,i € Ny, j €Ny, e
IC" lyg = IC*|lpq. Thus, we obtain pT"(p,q) = |IC*||,4. Taking into account
theorem 1, we get (13) is true. m
The following below results specify classes of scalar problems with attainable
bounds.
Corollary 6. For any p, q € [1, o], there exists a class of multicriteria non-trivial
ILP problem Z1(C,N,),C € R™, such that the strong stability radius is expressed
by formula:
pi®@ @) =i q) = ICllpq -
Proof. Let X = {x° x%,x2,...,x"} be same set as in the proof of previous
corollary. Let C =(-a,—a,..,—a) ER",a >0. Then we have Cx°=0,
Cx’=—a, j € N,, x° ¢ P1(C), x/ € PX(C),j € N,,, and
1

Y1 q) = Cllyg = P
1
We introduce a perturbing row C’ = (cy, ¢3, ..., ¢5) such that C' € Q,, (nia), ie.

1

1€ llpg < nra. Proving by contradiction it is easy to show that there exists an
index [ € N,, such that |¢;| < a. This yields

C+cH(x°—-x)=a—-¢ >0,
i.e. x% ¢ P1(C + C") for any perturbing C’ € qu(l/)i(p,q)). Since x° ¢ P1(0),
we get

pi(@ q) = Y1 (0, 9.
Taking into account theorem land equalities (14), we obtain:
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1

Pt @) =i, @) = ICllpq = nPa

Finally, we show that in scalar case all the bounds specified in theorem 1 can be
attainable.

Corollary 7. For any p, q € [1, ], there exists a class of multicriteria non-trivial
ILP problem Z1(C,N;), C € R", such that the strong stability radius is expressed
by formula:

pi®.q) =i, a) = Y1 q) = lICllpq -

Proof. Let X = {x° x'}, where x° = (0,0,...,0)T € E™ and x* = (1,1,..,1)T €
E™ Let C = (1,1,...,1) € R™ Then we have x° € P1(C), x! ¢ P1(C). Recaling

that = + l = 1, we obtain:
p D
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i q) = 9i(, @) = Y1, q) = [ICllyq = ne.
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